Abstract-Rough sets, a tool for data mining, deal with the vagueness and granularity in information systems. Rough approximations on a complete completely distributive lattice(CCD lattice for short) and brings generalizations of rough sets into a unified framework are discussed in [3]. This paper is devoted to the discussion of the relationship between approximations and topologies on a CCD lattice. It is proved that the set of all upper approximations (or of lower approximations) with respect to a partition consists of a clopen topology; and conversely, a clopen topology which obey disjoint axiom can be induced by approximations. Furthermore, the axiomatic characterizations of upper and lower approximations are presented.
I. INTRODUCTION
The theory of rough sets was firstly proposed by Pawlak [15, 16] . It is an extension of set theory for the study of intelligent systems characterized by insufficient and incomplete information. Using the concepts of upper and lower approximations in rough set theory, knowledge hidden in information systems may be unravelled and expressed in the form of decision rules. In Pawlak's rough set model, an equivalence relation is a key and primitive notion. The equivalence classes are the building blocks for the construction of the lower and upper approximations. This equivalence relation, however, seems to be a very stringent condition that may limit the application domain of the rough set model. To solve this problem, generalizations of rough sets were considered by some scholars. One generalization approach is to consider a similarity or tolerance relation [14, 18, 19, 25] rather than an equivalence relation. Another generalization approach is to extend the partition of the universe to a cover [1, 2, 26, 27] . The equivalence relation is replaced by a fuzzy relation to deal with data sets with both vagueness and fuzziness, naturally, the rough sets are generalized to fuzzy rough sets [4, 5, [10] [11] [12] [13] [22] [23] [24] . However, the generalizations mentioned before have not been connected closely among each other and cannot construct a unified framework for generalized rough set theory [3] .
In order to bring the generalized rough set models into a unified framework, the CCD lattice is selected as the mathematical foundation to define lower and upper approximations that form the basic concepts of rough set theory [3] . These definitions result from the concept of cover introduced on a CCD lattice and improve the approximations of the existing generalizations of rough sets with respect to similarity relations and covers.
Topology is a mathematical tool to study rough sets. It is proved that, under a crisp reflexive and transitive relation on the universe, the pair of lower and upper approximation operators is just a pair of interior and closure operators of a topology [9, 24] . An axiomatic approach for fuzzy rough set model is provided in [11] . A general framework for the study of fuzzy rough sets is presented by [23] , in which, both constructive and axiomatic approaches are used. We have proposed the (TC) axiom for fuzzy topology and established a one-toone correspondence between the set of all reflexive and transitive fuzzy relations and the set of all fuzzy topologies which satisfy (TC) axiom [8] . Covering-based rough sets from the topological view is studied in [28] .
In this paper, we devote to the topological structures of approximation operators on a CCD lattice. By using the concept of topological molecular lattice proposed by Wang [6, 7] , we establish the connection between approximations and topologies on a CCD lattice. In the following section, we recall some terms and theorems to be used in the paper. In section 3, the clopen topologies induced by approximations are presented with their properties being discussed. In section 4, the approximations induced by clopen topologies are constructed. In section 5, the axiomatic characterizations of upper and lower approximations with respect to a partition are presented. Section 6 concludes the paper.
II. PRELIMINARIES
This section presents a review of some fundamental notions of rough approximations on a complete completely distributive lattice. We refer to [3] for more details.
A lattice is a partially ordered set in which any two elements a and b have a least upper bound a∨b and a greatest lower bound a ∧ b. A lattice L is said to be complete if any subset A⊆L has a least upper bound ∨A and a greatest lower bound ∧A. An element e in a lattice L is said to be join-irreducible if a,b∈L and e= b∨c imply that e=b or e=c. A nonzero join-irreducible element is said to be a molecule. A lattice L is completely distributive if it satisfies the following conditions:
Where I and J i are nonempty index sets and a ij ∈L. For example, ([0,1],∨, ∧, 0, 1) is a CCD lattice. If X is a nonempty set, L= P(X), then (L,∪,∩,∅,X) is a CCD lattice. If X is a nonempty set, and F(X) is the collection of all the fuzzy sets of X, then (F(X), ∪,∩, ∅, X) is a CCD lattice. Every element of ([0,1],∨, ∧, 0, 1) is the join-irreducible element. If X is a concrete set, the every single-element set is the join-irreducible of (L,∪,∩,∅,X), where L= P(X). It is well known that each element of a CCD lattice is a join of join-irreducible elements [6, 7] .
Let (L,∨,∧, 0, 1) be a CCD lattice where 0 is its least element and 1 its greatest element. We denote the set of nonzero join-irreducible elements of L as M(L). All of the following definitions and theorems are come from [3] . 
for every x U ∈ , then Ψ satisfies Definition1-(1). If we take x U ∈ , then x 1 cannot be included by any elements in Ψ . If C is a finite set, then statement (a) holds by the definition of join-irreducible element.
has at least one minimal element a C ∈ such that p a ≤ . This statement is obvious by the definition of a join-irreducible if C is a finite set. If C is an infinite set, it does not always hold. Also in the above example, there has no minimal element in Ψ to include 0.5
If L is a finite CCD lattice, then Definition 1-(2) can be omitted.
Definition 2 Let C be a cover of L. C is said to be reduced if for every a C
From the Theorem 4, we know if C is a partition of L, then there exists only one a C ∈ such that p a ≤ for very
. This statement suggests that a partition C of L is certainly a cover of L and every p C has only one element.
One of the covers of X is
One of the reduced covers of X is
One of the partitions of X is 
Theorem 5 If C is a partition of L, then C is a reduced cover of L.
□
The existing generalizations of rough sets by similarity relation and cover approaches can be improved by using this definition. Furthermore, the existing fuzzy rough sets considered with respect to a T −similarity relation are the special cases of rough set on a CCD lattice [3] .
And from the Definition 6, for the lower approximation, it is obviously true.
hold. (4) Clearly this follow (1) and (2). 
such that p c ≤ and at least one of
III. THE CLOPEN TOPOLOGIES INDUCED BY APPROXIMATIONS
In this section, we discuss the topologies induced by approximations. In discussing topology on a lattice L , the closed (or open) things is defined as element (but not subset) of L . 
Theorem 11 Let L be a CCD lattice and C a reduced cover of L. (1)For any
follows that p x ≤ ， p a ≤ , and hence Now we discuss the lower approximation. The following example implies that the inverse of (5) in Theorem 8 is not always true.
Theorem 14 Let L be a CCD lattice and C a cover of L. For every
Where I is an index set. PROOF. For any a C ∈ , we have ( ) s a a = and ( ) s a a = .
PROOF. It is trivial that ( )
(
Hence, for any x L ∈ ,
It follows that ( )
□ 
Theorem 18 Let L be a CCD lattice and C a partition of L. For any x L
∈ ,(1)( ) x s x − = , (2) ( ) x s x − = . That
IV. THE APPROXIMATIONS INDUCED BY CLOPEN TOPOLOGIES
From the above discussion, we know that for a CCD lattice L and a cover C of L, C can generate lower and upper approximations on L. When C is a partition, the collection of all upper approximations (or lower approximations) consists of a clopen topology. Now we wonder if a clopen topology can determine upper and lower approximations. In this section, we pay our attention to this question. This Theorem shows that the upper and lower approximations with respect to a partition are dependent on each other. 
Theorem 20 Let L be a CCD lattice and C a partition of L. For every
( ) p M L ∈ , ( ) s p C ∈ . PROOF. Let ( ) p M L ∈ . Since C is a partition of L, by{ } ; ( ) C p p M L η − = ∈ is a cover of L. PROOF. By p p − ≤ , it follows that ( ) ( ) 1 P M L P M L C p p η − ∈ ∈ ∨ = ≥ = ∨ ∨ . For any ( ) q M L ∈ , it is trivial that− ≤ . If ( ) r M L ∈ , q r − ≤ , then
VI. CONCLUSION
This paper is devoted to the discussion of the relationship between approximations and clopen topologies on a CCD lattice. We have shown that (a) the set of all upper approximations (or of lower approximations) with respect to a partition consists of a clopen topology; and (b) a clopen topology which obey disjoint axiom can be induced by approximations. In addition, the axiomatic characterizations of upper and lower approximations with respect to a partition are presented.
However, it is still an open question regarding the axiomization of approximations with respect to general covers of a CCD lattice. Another issue to be investigated in the future is the generalizations of rough approximations on general lattices.
